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FINITE JET DETERMINATION OF LOCAL ANALYTIC CR 
AUTOMORPHISMS AND THEIR PARAMETRIZATION BY 2-JETS IN THE 

FINITE TYPE CASE 

PETER EBENFELT, BERNHARD LAMEL, AND DMITRI ZAITSEV 



Abstract. We show that germs of local real-analytic CR automorphisms of a real-analytic hy- 
persurface M in C 2 at a point pGM are uniquely determined by their jets of some finite order at 
p if and only if At is not Levi-flat near p. This seems to be the first necessary and sufficient result 
on finite jet determination and the first result of this kind in the infinite type case. 

If M is of finite type at p, we prove a stronger assertion: the local real-analytic CR automor- 
phisms of M fixing p are analytically parametrized (and hence uniquely determined) by their 2-jets 
at p. This result is optimal since the automorphisms of the unit sphere are not determined by 
<4— > ■ their 1-jets at a point of the sphere. 

We also give an application to the dynamics of germs of local biholomorphisms of C 2 . 



1. Introduction 
CO 

By H. Cartan's classical uniqueness theorem |CaH35|| , a biholomorphic automorphism of a 



bounded domain D C C" is uniquely determined by its value and its first order derivatives 
O . (that is, by its 1-jet) at any given point p G D. The example of the unit ball D shows that 
if p is taken on the boundary dD the same uniqueness phenomenon does not hold for 1-jets 
but rather for 2-jets at p. (In this case, all automorphisms extend holomorphically across the 
boundary and, hence, any jet at a boundary point is well defined.). More generally, results of 
E. Cartan [|CaE32a| , |CaE32b|1 , N. Tanaka fNE^j and S.-S. Chern - J.K. Moser [|CM74l1 



(see also H. Jacobowitz | |J 77| ] ) show that unique determination by 2-jets at a point p holds for 
(germs at p of) local biholomorphisms of C n sending a (germ at p of an) open piece M C dD into 
^ ' itself provided M is a Levi-nondegenerate real-analytic hypersurface. 

The case of a degenerate real-analytic hypersurface M is much less understood, even in C 2 . It 
was previously known that unique determination, as above, by jets at p of some finite order k holds 
if M is of finite type at p, due to a recent result of the first author jointly with M.S. Baouendi 
and L.P. Rothschild |BER00aj , Corollary 2.7]. (We remark here that both notions of finite 



type, i.e. that in the sense of ||Ko72| , |BG77|| and that of [ P82j| , coincide in C 2 .) On the other hand, 
the only known situation where the germs of local biholomorphisms of C 2 sending M into itself 
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are not uniquely determined by their fc-jets at p, for any k, is that where M is Levi flat. The first 
main result of this paper fills the gap between these two situations by showing that the Levi-flat 
case is indeed the only exception: 

Theorem 1.1. Let M C C 2 be a real-analytic hypersurface which is not Levi-flat near a point p G 
M. Then there exists an integer k such that if H 1 and H 2 are germs at p of local biholomorphisms 
ofC 2 sending M into itself with jpH 1 = j k p H 2 , then H 1 = H 2 . 

We remark that this and all the following results in this paper about local biholomorphisms 
sending M into itself also hold for local biholomorphisms sending M into another real-analytic 
hypersurface M' C C 2 . Indeed, any fixed local biholomorphism / sending M into M' defines a 
one-to-one correspondence between the set of germs preserving M and that sending M to M' (as 
well as those of their jets) via g h- > /o o g. 

Since germs of local biholomorphisms of C 2 sending M into itself are in one-to-one correspon- 



dence with germs of real-analytic CR automorphisms of M by a theorem of Tomassini [|To66| 
we obtain the following immediate consequence of Theorem |1 . 1| : 

Corollary 1.2. Let M C C 2 be a real-analytic hypersurface which is not Levi-flat near a point 
p G M. Then there exists an integer k such that if h 1 and h 2 are germs at p of real-analytic CR 
automorphisms of M with j^h 1 = jth 2 , then h 1 = h 2 . 

The proof of Theorem |1.1| relies on the parametrization of local biholomorphisms along the zero 
Segre variety given in §^|, the method of singular complete systems recently developed by the first 
author | E00b|| and on a finite determination result for solutions of singular differential equations 
given in §|5|. 

The second main result of this paper improves the results in the finite type case mentioned 
above in two different directions. First we show that, just as in the Levi-nondegenerate case, 
the 2-jets are always sufficient for unique determination. This conclusion contrasts strongly with 
most known results for hypersurfaces of finite type, where one usually has to take at least as 
many derivatives as the type (i.e. the minimal length of commutators of vector fields on M in the 
complex tangent direction required to span the full tangent space). For instance, in the setting 
of Theorem |1 . 1| , upper estimates on how large the number k must be chosen were previously 
only known for finitely nondegenerate manifolds M, due to results in ||BFK97|| (see also ||Z97|| and 



[ |BE1198| |) and the estimate for k in this case was at least twice the type of M minus two. Although 

we shall not define finite nondegeneracy in this paper (but refer the reader instead e.g. to the book 

BFR99a| ]), we would like to point out that finite nondegeneracy is a strictly stronger notion than 



finite type; e.g. the hypersurface 

M:={(z,w) GC 2 : lmic= |z| 4 } 
is of finite type but is not finitely nondegenerate at 0. In this paper, we show that 2-jets are 



sufficient for unique determination as in Theorem |1.1| regardless of the type of M at p. 

The second improvement in the finite type case is the stronger conclusion (than that of The- 
orem |1 . 1|) that local biholomorphisms are not only uniquely determined but are analytically 
parametrized by their 2-jets. We denote by G 2 (C 2 ) the group of all 2-jets at p of local biholomor- 
phisms H : (C 2 ,p) -> (C 2 ,p'). 
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Theorem 1.3. Let M C C 2 be a real-analytic hypersurface of finite type at a point p G M. Then 
there exist an open subset Q C C 2 x G 2 (C 2 ) and a real-analytic map ^(Z, A) : Q — > C 2 , which in 
addition is holomorphic in Z , such that the following holds. For every local biholomorphism H of 
C 2 sending (M,p) into itself, the point (p,j 2 H) belongs to Q and the identity 

H(Z) = ^(Z,j 2 H) 

holds for all Z G C 2 near p. 



The conclusion of Theorem |1.3| was previously known for Levi-nondegenerate hypersurfaces in 
C^ due to the classical results mentioned above and for Levi-nondegenerate CR submanifolds of 
higher codimension due to a more result of V.K. Beloshapka |Be90| . The existence of a &-jet 
parametrization, for some k, was known in the more general case (than that of Levi nondegenerate 
hypersurfaces) where M is finitely nondegenerate at p (see |[BER99b' 1 and previous results in 
[BER97| and |[Z97|| ). For other results on finite jet determination and finite jet parametrization 
of local CR automorphisms (in the finite type case), the reader is referred to the papers [|Han97| , 
BER98| , [Hay98| , |BER99b| , [COlj |BMR00| , |X)Ua| , [giOlj ^ZOTj . Theorem |T| will be a consequence of 



Theorem |4.1| which will be proved in §[|. 

We conclude this introduction by giving some applications of our main results. In view of 
a regularity result of X. Huang |[Hu96 l, a unique determination result can be formulated for 
continuous CR homeomorphisms as follows. Recall that a continuous mapping h: M —* C 2 
is called CR if it is annihilated, in the sense of distributions, by all CR vector fields on M 
(i.e. by the traces of (0, l)-vector fields in C 2 tangent to M). A homeomorphism h between 
two hypersurfaces M and M' is called CR if both h and h~ l are CR mappings. X. Huang 
showed in the above mentioned paper that every continuous CR mapping between two real- 
analytic hypersurfaces M, M' C C 2 of finite type extends holomorphically to a neighborhood of 
M in C 2 . Thus Theorem |1 .3| implies: 



Corollary 1.4. Let M,M' C C 2 be real-analytic hypersurfaces of finite type. Then, for any 
p G M, if hi and h 2 are germs at p of local CR homeomorphisms between M and M' such that 



(1) 



h{x) -h 2 {x) = o(||x|| 2 ), 



x 



0. 



then hi = h 2 , where x = (xi,x 2 ,X3) are any local coordinates on M vanishing at p. 

Observe that, since a homeomorphism need not preserve the vanishing order, a uniqueness 
statement in the spirit of Corollary |1.4| may not be reduced to the case M = M' in general. In 
our case, however, the reduction is possible due to the above mentioned theorem of X. Huang. 

Our next application of Theorem [L3] is a structure result for the group Aut(M, p) of all local 
biholomorphisms H: (C 2 ,p) — > (C 2 ,p) sending M (with p G M) into itself. A fundamental 
problem, usually referred to as the local biholomorphic equivalence problem, is to determine for 
which pairs of (germs of) real submanifolds (M,p) and (M',p') there exist local biholomorphisms 
sending (M,p) into (M',p') or, formulated in a slightly different way, to describe, for a given germ 
of a manifold (M, p), its equivalence class under local biholomorphic transformations. There is, 
of course, no loss of generality in assuming that p = p'. The action of the group S p of all local 
biholomorphisms H : (C 2 , p) -^ (C 2 , p) will take us from any germ (M, p) to any other germ (M', p) 
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in the same equivalence class. However, S p does not in general act freely on the equivalence class 
of (M,p). To understand the structure of the equivalence classes one is therefore led to study 
the structure of the isotropy group Aut(M,p). Observe that Aut(M,p) is a topological group 
equipped with a natural direct limit topology which it inherits as a subgroup of £ p . A sequence of 
germs W is convergent if all germs Hi extend holomorphically to a common neighborhood of p 
on which they converge uniformly (c.f. e.g. [ |BER97] ]). By standard techniques (see e.g. | |BEK97 



and [ |BER99b| ) , Theorem |1.3| implies the following: 

Corollary 1.5. Let {M,p) be a germ of a real-analytic hypersurface in C 2 of finite type. Then 
the jet evaluation homomorphism 

(2) f p :Aut(M,p)^Gl(C 2 ) 

is a homeomorphism onto a closed Lie subgroup o/C7 2 (C 2 ) and hence defines a Lie group structure 
onAut(M,p). 

We conclude with an application to the dynamics of germs of local biholomorphisms of C 2 : 

Theorem 1.6. Let H: (C 2 ,0) — > (C 2 , 0) be a local biholomorphism tangent to the identity at 
0, i.e. of the form H(Z) = Z + 0(\Z\ 2 ). Suppose that H preserves a germ of a Levi-nonflat 
real-analytic hypersurface at 0. Then H fixes each point of a complex hypersurface through 0. 



Theorem |1.6| is a consequence of Theorem 3.1, whose statement and proof are given in 



2. Preliminaries 
Recall that a real-analytic hypersurface M C C^ (N > 2) is called Levi-flat if its Levi form 

vanishes identically on the complex tangent subspace T£M := T p M n iT p M for any p G M, 
where M is locally given by {p = 0} with dp ^ 0. It is well-known (and not difficult to see) 
that M is Levi-flat if and only if, at any point p G M, there are local holomorphic coordinates 
(z, w) G C^ -1 x C in which M has the form {Imw = 0}. 

In general, let M C C N be a real-analytic hypersurface with p G M. We may choose local 
coordinates (z, w) G C^ -1 x C, vanishing at p, so that M is defined locally near p = (0, 0) by an 
equation of the form 

(3) M : Im w = <p(z, z, Rew), 
where (p(z, z, s) is a real- valued, real-analytic function satisfying 

(4) ip(z,0,s)=ip(0, X ,s)=0. 



Such coordinates are called normal coordinates for M at p; the reader is referred to e.g. pER99a 
for the existence of such coordinates and related basic material concerning real submanifolds in 
complex space. We mention also that the hypersurface M is of finite type at p = (0,0) if and only 
if, in normal coordinates, ip(z, x, 0) ^ 0. 
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3. PARAMETRIZATION OF JETS ALONG THE ZERO SEGRE VARIETY 

Let M C C^ be a real-analytic hypersurface with p G M. We shall choose normal coordinates 
(z,w) G C^ -1 x C for M at p; i.e. (z,w) vanishes at p and M is defined locally near p = (0,0) 
by (|3|) where ip(z,z,s) is a real-valued, real-analytic function satisfying (|J). Denote by Jq (C jv ) 
the space of all fe-jets at of holomorphic mappings H : (C N , 0) — > (0^,0), and by T(C Ar ) C 
Jq (C n ) the group of invertible upper triangular matrices. Given coordinates Z and Z' near 
the origins of the source and target copy of C , respectively, we obtain associated coordinates 
A = (Af)i<j<jv,i<|a|<fc G Jq Q (C n ), (where i G Z + and a G Z^), in which a jet jgif is given by 
Af = d^Hi(0). In this paper, we shall be concerned with the situation N = 2 where we have 
coordinates (z,w) near in the source copy of C 2 and (z',w r ) near in the target C 2 . A map 
H: (C 2 ,0) — > (C 2 ,0) is then given in coordinates by H(z,w) = (F(z,w),G(z,w)). We shall 
use, for a given k, the notation A = (A y , /i y )i<j +J <jt, for the associated coordinates on Jq (C 2 ), 
where A 4 - 7 = -F^mi (0) and yU iJ = C7 2 i„,j(0), and we use the notation F z t wJ = d^d^F etc. for partial 
derivatives. In this section, we shall prove the following result. 

Theorem 3.1. Let M,M' C C 2 be real- analytic hyper surf aces that are not Levi-flat, and let 
{z,w) G C 2 and (z',w') G C 2 be normal coordinates for M and M' vanishing at p G M and 
p' G M' , respectively. Then, for any integer k > 0, the identity 



(5) H wk (z,0) = $ k (z,H'(0),H>(0), 3 k +1 H,j k +1 H) 

holds for any local biholomorphism H : (C 2 ,0) —* (C 2 ,0) sending M into M' , where 
§ k (z,A 1 , A 1 , A 2 , A 2 ) is a polynomial in (A 2 ,A 2 ) G Jq^IC 2 ) x JffiiC 2 ) with coefficients that are 
holomorphic in (z,A 1 ,A 1 ) G C x J^ (C 2 ) x J^ (C 2 ) in a neighborhood of {0} x T(C 2 ) x T(C 2 ). 
Moreover, the C 2 -valued functions $ fc depend only on (M,p) and (M',p'). 

Observe, that in normal coordinates, the line {(z, 0) : z G C} is the zero Segre variety and hence 
we see the conclusion of Theorem |3.1| as a parametrization of jets along the zero Segre variety. 



We first show how Theorem EO implies Theorem 1.6 



Proof of Theorem |L^. Let if be a local biholomorphism tangent to the identity at 0, as in Theorem 
L6| , and (M, 0) the germ of a Levi-nonflat real-analytic hypersurface which is preserved by H. By 
assumption, we have JqH = Jq id. Thus, by Theorem J3?T| , with k — 0, applied to the local 
biholomorphisms H and id, both sending M into itself, we conclude that H (z, 0) = z. Hence each 
point of the complex hypersurface {z = 0} C C 2 is a fixed point of H. This completes the proof 
of Theorem |L6|. □ 



Before entering the proof of Theorem |3.1| , we shall introduce some notation. The equation 
can be written in complex form 

(6) M: w = Q(z,z,w), 
where Q(z, x, t) is a holomorphic function satisfying 

(7) Q(z,0,t)=Q(0,x,t)=t. 
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Equation (|j) defines a real hypersurface if and only if (see pER99a|| ) 
(8) Q(z,x,Q(x,z,w))=w, 



where we use the notation h(() := h(Q. 

We shall study the derivatives of Q(z, x, t) with respect to (z, r) denoted as follows: 

(9) QaM :=Q^tm(0,x,0), g QM (0)=0, a > 1. 

Note that we do not use the function q a p.{x) f° r & = 0, since the corresponding derivatives can be 
computed directly by (|7|): 

(io) QAo, x ,o) = ll f r/i = ) 

10 f or /i > 1 . 

We now use the functions q a n{ T ) to define biholomorphic invariants of (M,p) as follows. Let rriQ 
be the positive integer (or oo) given by 

(11) m := min{m G Z + : q a ^(x) ^ 0, a + p, = m}, 

where we set m = oo if q a n(x) — for all (a,p). Thus, m = oo is equivalent to M being 
Levi-flat. In what follows, we shall assume that M is not Levi-flat, i.e. tuq < oo. We also define 

(12) fi := min{fi G Z + : q a(i (x) ^ 0, a + /i = m }, 

and set a := m — /i . 

Let M' C C 2 be another real-analytic hypersurface, and let (z', w') G C 2 be normal coordinates 
for M' at some point p'. In what follows, we shall use a ' to denote an object associated to M' 
corresponding to one defined previously for M. Let furthermore H = (F, G) be a local mapping 
(C 2 ,p) — > (C 2 ,p ! ). Then H sends (a neighborhood of p in) M into M' if and only if it satisfies the 
identity 

(13) G(z, Q(z, x, r)) = Q'(F(z, Q(z, X , r)), F(x, r), G( X , r)) , 

for (z, x, r) G C 3 . In particular, setting x = r = 0, we deduce that 

(14) G(z,0)=0. 

It follows from (|l^) that, in normal coordinates, the 2x2 matrix H'(0) is triangular and therefore 
if is a local biholomorphism if and only if 

(15) F z (0)G w (0)^0. 
We have the following property. 

Proposition 3.2. Let M C C 2 be a real-analytic hypersurface. Then, the integers mo, a^, and 
Ho defined above are biholomorphic invariants. 

Proof. We have to show that, if (M,p) and (M',p') are locally biholomorphic, then /io = // and 
a = a'o- We introduce the following ordering of the pairs (a,/i) G Z+. We write (a,/i) -< (/3, u) 
if either a + // < /3 + i/, orifa + /i = /9 + z/ and p, < v (or, equivalently, a > (3). We prove 
the statement by contradiction. Suppose (a , p ) -< (ck , yu ). We differentiate (pT^) by the chain 
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rule «o times in z and /^o times in r, evaluate the result at (z, r) = and use the identities 
([?]), fllOD and fll4|). On the right-hand side we obtain a sum of terms each of which has a factor 
of Q' za /3 rM (0, F(x, 0), 0) with (a,/i) ^ (ao,/io)- By the assumption («o,/io) -*< (^cb/^oX a ^ these 
derivatives are zero. Similarly, using the fact that Q z a T ^.(0,x,0) = for (a,fi) -< (ao?/^)) on the 
left-hand side, we conclude that 

(16) G%„,mo(0) + G w {0) Qa (m Xx) = 0. 

Since G w (0) ^ and q aof i (.x) ¥" const, we reach the desired contradiction. We must then have 
(a ,/io) h (c^O'^o)- The opposite inequality follows by reversing the roles of M and M' by 
considering the inverse mapping H~ l . Hence, (ao, fio) = (a , /z' ) as claimed. □ 

We are now ready to prove Theorem |3.1|. 



Proof of Theorem |3.1j . As in the proof of Proposition |3.2| , we differentiate (p~3| ) by the chain rule 
ao times in z and /io times in r, evaluate the result at (z, r) = and use the identities (0), ( [T0| ) 
and (OX 



\/'d 



(17) C7 z .o^o(0) + L7 w (0)g QoW) (x) = ^ ow (i ? (x,0))(F 2 (0) + F 10 (0)g 10 (x)) ao G w (x,Oy 

By putting x = and using (||) we obtain G z a Ow »o(0) = 0. Furthermore, the derivative G w (x, 0) 
on the right-hand side of ( |TTD can be computed by differentiating ( |T3"[ ) in r at (2, r) = 0: 

(18) G~( X , 0) = G w (0) - q[ (F(x, 0))F W (0). 



Note that for x = 0, we obtain (7^,(0) = G„,(0), i.e. G^(0) is real. After these observations, ([I 
can be rewritten as 



(19) C7 w (0)g QoMo (x) = g^ (F(x,0))(F 2 (0) + g 10 (x)^(0)) ao (G.(0)-gi (F(x,0))F w (0)) Mo . 

We point out that <?io(x) ^ (and similarly gi (x') ^ 0) if and only if m = 1 (in this case, 
(a , Ho) = (1, 0)). It can be shown that m = 1 if and only if M is finitely nondegenerate at p (see 
e.g. |BER99a|l ). We will not use this fact in the present paper. 

It follows, that for rriQ > 2, (^) reduces to the form 

(20) q ao M) = Qa o , (F(x,0))FM ao G w (0r o ' 1 . 
If itiq = 1, in which case («o, Ho) — (1? 0), we instead have 

(21) G w {0)q 10 (x) = ?io(F(x,0))(F,(0) + F w (0)g 10 (x)). 

Define / > 1 to be the order of vanishing at of the function q aolIO {x) ^ 0. (It is not difficult to 
verify from ® that I > ccq. We will not use this property.) Together with (|15|) , it follows from 
(|20|) and (0), respectively, that I = /'. Let us write 

(22) q ao , (x) = (?(*))', 4 w (x') = (q'(x'))\ 

where q and q' are local biholomorphisms of C at 0. Taking Zth roots from both sides of ( PU|) and 
( |2"T| ) respectively we obtain 

(23) g '(%0))E£( x ) g ( x ), 
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where 

E( x )-= {(^KFM+FMqMT 1 ) 1 ' 1 , m„ = l 

\{F z (Oy ao G w (0) 1 - flo ) 1/l , ™o>2, 

and the branch of the Ith root has to be chosen appropriately. We want to write E as a holomorphic 
function in x-, Fz{ty, -^z(O) and -F^(O). For this, observe that there exists a constant c^ such 
that 

(24) EW fctl + FUO^orVoM)" 17 ', mo = l 

\c, m > 2, 

where we used the principal branch of the Zth root near 1 (for \ small). We substitute the 



expressions (|24|) for E(x) m (p3|) and differentiate once in x at x = to obtain 

(25) q' x ,(0)T z (0) = cq x (0) 

in both cases mo = 1 and m > 2. Solving (E3) for c and using (El) and (E3) we obtain 



(26) F( X ,0) = X *(x, #'(()), ff'(O)), 

where \1/ is a holomorphic function in its arguments, defined in a neighborhood of the subset 
{0} x T(C 2 ) x T(C2y c C x 4 (C 2 ) x J o yC 2 ) such that 

(27) tf(0, A, A) ^0 



for any (A, A) e T(C 2 ) x T(C 2 ). In particular, we see from ( p6|) that the mapping if along the 
Segre variety {w = 0} is completely determined by its first jet at 0. In fact H(z,0) depends only 
on the derivatives F w (0), F z (0), F~ z (0). 

We shall now determine derivatives of H with respect to w along the Segre variety {w = 0} in 
terms of jets of H at the origin. We begin with the derivatives F w h(z,0) (or F w k(x,0)), k > 1. 
To get an expression involving them we use the same strategy as above, but now we differentiate 
(P~3|) cto times in z and /xo + k times in r and then set (z, r) = 0. We shall use the notation 
(F z i w j)i + j<i.+i e tc to denote strings of partial derivatives of positive order. We obtain 

(28) G za0w , 0+k (0) + ^i(x,Jo +1 G) = 

d- z q' ao , o (F( X ,0))(F z (0) + F w (0)q 10 (z)) a °F^(x,0)GZ(x,0r + 

~7f\/ (\\\ 

s<k+l 



* 2 (x,F(x,0),J% +l F, (F w r( x ,0)) r<k _ v {G w s( X ,0)) 



where the functions \&i(x, A) and ^(XjX'j Ai, A 2 , A 3 ) are polynomials in A and (Ai,A 2 ,A 3 ) re- 
spectively with holomorphic coefficients in (x, x')- (More precisely, the coefficients are polynomials 
in (<7a!|i(x)) an d (?au(x')) anc ^ i n their derivatives.) We claim, however, that no term involving 
G w k+i(x,0) occurs with a nontrivial coefficient in ^2 when mo = 1. Indeed, in this case «o = 1 
and ^0 — 0. Thus, to obtain the expression (p8[) we differentiate once in 2; and fc times in r. 
Consequently, no term of the form G w k+i(x, 0) can appear, as claimed. 
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We observe that from the identity (pg| ) with \ = we obtain a polynomial expression for the 
derivative G zaowm +k(0) in terms oij k+1 H and Jq +1 H. (Recall that H = (F, G).) After substituting 
in (p8|) this expression for G z a Own +k(0), the right-hand side of (|18| ) for Gu,(x, 0) and the right-hand 
side of (|26D for F(x, 0), we obtain 



(29) d x ,q' ao » o {x*(x,H'(0),H'(0)) F wk ( X ,0) = 



where ^(x? A l5 A l5 A 2 , A 2 , A 3 , A 4 ) is a polynomial in (A 2 , A 2 , A 3 , A 4 ) with holomorphic coefficients 
in (x, Ai,Ai). We also observe that the coefficient of F w k(x, 0) on the left-hand side does not 
vanish identically by the choice of (a ,/^o)- 

As before, we get an expression for the derivatives G w s(x, 0) that occur on the right-hand side 
of (^) by differentiating ( |13"D in r at (z, r) = 0, this time s > 2 times: 



(30) G w s(0) = q[ (F(x,0))F w s(0) + 



d x ,q' 10 (F( X , 0))F w (0)F w .-i(x, 0) + G w s( x , 0) + 

* 4 (>(x,0), (^(0)).^, (^(x,0)) r < s _ 2 , (G~(x,0)) .^ 

where ^a{x', Ai, A 2 , A3) is a polynomial in (Ai,A 2 ,A3) with holomorphic coefficients in %'. We 
solve (^) for G m! (z, 0) in terms of G w t(z, 0) with t < s. Then, by induction on s and by (|18D , we 
obtain for any s > 1 an identity of the form 



(31) G w s( X , 0) = G w s(0) - q[ (F( X , 0))F w s(0) - d x ,q[ (F( X , 0))F w (0)F wS -x( X , 0) + 

* 5 (>(X,0), {H wi (0)).^_ v (F-( X ,0)) r ^ 2/ 
where ^(x', Ai, A 2 ) is a polynomial in (Ai, A 2 ) with holomorphic coefficients in x' ■ Note that the 



term F w <,-i(x, 0) only occurs in ( pT|) when m = 1. 

We now substitute the right-hand side of (|30"D for G w s(x, 0) and the right-hand side of (^) for 
F(x, 0) in the identity ( p9|) to obtain 

(32) 



d x < MO (x*(x,tf'(0), F(0)) F wfe ( x ,0) = VlxH'MtH'WjWHJ** 1 !!, (F w r( x ,0)) 



'r<k-l 



where ^ k (x, Ai, A 1; A 2 , A 2 , A 3 ) a polynomial in (A 2 ,A 2 ,A 3 ) with holomorphic coefficients in 
(x, Ai, Ai). We claim that an identity of the form 



(33) F wk ( x ,0) = * k (x,H'(Q),H>(Q),j k +l H,j k +1 H) 

holds, where \l/ fc (x, Ai, Ai, A 2 , A 2 ) is a polynomial in (A 2 ,A 2 ) with holomorphic coefficients in 
(%, Ai,Ai). We prove the claim by induction on k. For k = 1, there is no occurrence of A3 = 
F w r(x,fy on the right-hand side of fl32"|). We now would like to divide both sides of (|32|) by the 
first factor Y := d x >q' aolMj (x^(x, H '(0), H'(0)) on the left-hand side. We know from (J27|) that this 
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factor does not vanish identically. However, it may happen that it vanishes for x = 0. In order 
to obtain a holomorphic function on the right-hand side after this division, we have to make sure 
that the vanishing order of the right-hand side with respect to x & t the origin is not smaller that 
the vanishing order of I\ Of course, by (|3^), this is true for those jet values of (A 1; A 1; A 2 , A 2 ) 
that come from a local biholomorphism H sending M into M' . On the other hand, we have no 
information about the vanishing order of ^ x {Xi A-i> Ai, A 2 , A 2 ) for other values of (Ai, Ai, A 2 , A 2 ). 
Hence we may not be able to divide. The idea for solving this problem is to extract the "higher 
order part" of \I /1 that is divisible by I\ 

Let < v < oo be the vanishing order of the function d x rq' aQ (x') & t x' — 0- Then the vanishing 
order of the left-hand side of (^) is at least v. By truncating the power series expansion in x °f 
the coefficients of the polynomial ^ on the right-hand side of fl32|), we can write it in a unique way 
as a sum ty 1 = ty\ + \l/ 2 such that both ty\ and \l/ 2 are polynomials in (A 2 , A 2 ) with holomorphic 
coefficients in (x, A l5 Ax), each coefficient of ty\ is a polynomial in x of order at most v — 1 with 
holomorphic coefficients in (A l5 Ai) and each coefficient of \l/ 2 is of vanishing order at least v with 
respect to x- We now remark that, whenever we set (A x , Ai, A 2 , A 2 ) = (H'(0), H'(0),Jq +1 H, Jq +1 H) 
for a mapping H satisfying ([$2|), the first polynomial ^>\ must vanish identically in x- Therefore, 
the identity fl32|) will still hold after we replace ty 1 by \l/ 2 . Now it follows from (|2T| ) that \l/ 2 is 
divisible by T and, hence, we have proved the claim for k — 1. The induction step for k > 1 is 
essentially a repetition of the above argument. Once (B3f) is shown for k < k , we substitute it for 



F w r(x, 0) in the right-hand side of (p2|). Then we obtain a polynomial without A3 and the above 
argument can be used to obtain (|33|) for k = k . The claim is proved. 

A formula for G w k(x, 0) similar to (|33| ) is obtained by substituting the result for F in (|31|) (and 
also using (|26|)). The proof of Theorem |3.1| is complete. □ 



4. Parametrization of biholomorphisms in the finite type case 



In this section, we will prove the following theorem, from which Theorem |1.3| is a direct conse- 



quence and Corollary |L5| follows by standard techniques (see [PER97J1 and |BER99b|l ). We keep 



the setup and notation introduced in previous sections. We also denote by T 2 (C 2 ) the subspace 
of 2-jets in Jq (C 2 ) whose first derivative matrix is upper triangular. 

Theorem 4.1. Let M,M' C C 2 be real-analytic hypersurfaces of finite type, and let (z,w) G C 2 
and (z', w') G C 2 be normal coordinates for M and M' at p e M and p' e M' , respectively. Then 
an identity of the form 



H(z,w)=e{z,w,$H,j*H), 

holds for any local biholomorphism H: (C 2 ,p) -^ (C 2 ,p f ) sending M into M' , where Q(z, w, A, A) 
is a holomorphic function in a neighborhood of the subset {(0,0)} x T 2 (C 2 ) x T 2 (C 2 ) in C 2 x 
Jq (C 2 ) x J ( 2 (C 2 ) ; depending only on (M,p) and (M',p'). 
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Proof. We use the expansion of the function Q(z, x, t) (and similarly for the function Q'(z', x', t'), 
using a ' to denote corresponding objects associated to M') as follows 

(34) Q(z, X ,r)=r + J2Mx,r)z /3 , 7^(0,0) =0. 

Recall that M is of finite type at if and only if Q(z, x, 0) ^ 0, i.e. if r@(x, 0) ^ for some j3. 
We define a positive integer associated to (M , p) by 

(35) /3 :=min{/3:r /3 ( X ,0)^0} 

and an integer j3' Q associated to (M', p') by the analogous formula. It follows easily, by setting r = 
in the equation (|I3"D, differentiating in z and then setting z = as in the proof of Proposition |3.2| , 
that (3q = f3' (i.e. (3q is a biholomorphic invariant). Indeed, by using also the fact that G(z, 0) = 0, 
we obtain in this way the identity 

(36) ra,(x, 0)G W (0) = r' Po (F( X , 0), 0) (F z (0) + F w (0)n( X , 0)) . 

By differentiating (|i"3"|) with respect to z and setting r = Q(x> z , 0)> we a l so obtain 

(37) Q*(z,x,Q(x,z,0))Gf tt (z,0) = 

g; (F(z, 0), F( X , Q(X, z, 0)), G( X , Q(x, z, 0))) (F,(z, 0) + Q z (z, X , Q(x, z, 0))F w (z, 0)) , 

where we have used (§) and the fact that G(z, 0) = 0. By using the conjugate of (|13|) to substitute 
for G(x, Q{Xi z -, 0)), w e obtain 

(38) Q z (z, X ,Q)G w (z,0) = 

Q' z (F(z, 0), F( X , Q), Q\F(x, Q), F(z, 0), 0)) (F z (z, 0) + Q z (z, X , Q)F w (z, 0)) , 

where we have used the notation Q := Q(x, z, 0). Observe, by differentiating (|]) with respect to 
z and setting tu = 0, that 

(39) Q z (z, x , Q(x, z, 0)) = -Q T (z, X , Q(x, z, 0))QzU, z, 0). 
Since Q T (z, 0, 0) = 1 by (0), we conclude from (|34|) and ( |39"D that 

(40) Qz{z,X,Q(x,z,0)) =d z r%(z,0)x Po + 0(x l3o+1 )- 

Also, observe that d z r^(z, 0) ^ by the choice of /3 . It follows that d z ¥^(z, 0) 7^ for all z in 
any sufficiently small punctured disc centered at 0. In such a punctured disc there exist /3 locally 
defined holomorphic functions if>(z,x), differing by multiplication by a /3 th root of unity, such 
that 

(41) Q z (z,x,Q(x,z,0))=^(z,xf° 
and 

(42) if>(z, 0) = 0, ip x {z, 0) ^ for z + near 

for each choice of ^. Moreover, each local function ip extends as a multiple- valued holomorphic 
function (with at most (3q branches) to a neighborhood of (0, 0) in C 2 \ {z = 0}. If we choose z in 
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a sufficiently small punctured disc centered at 0, then also d z 'r'^ o (F(z, 0), 0) ^ and the equation 
(|38| ) can be written 

(43) i/>(z, xY°G w (z, 0) (F z (z, 0) + Q z (z, X , Q)F w {z, 0))" 1 = tf(F{z, 0), F( x , Q( X , z, 0))f°. 

G w (zq,0) 7^ 0. Taking /3 th roots from both sides of fl4"3|) and substituting the conjugate of (|26| ) 
for F(z, 0) we obtain 



(44) V'(**(*, ^'(0), H'(0)),F( X , Q(X, z, 0))) = £(z, x)^, x) 

with 

£(*,*) := (G U ,(^0)(F 2 (^0)+^(^,X) /30 ^(^0))- 1 ) 1//30 , 

and the branch of the /3oth root has to be appropriately chosen. Analogously to the proof of 
Theorem 3.1 , we write 

where c is a constant and where we used the principal branch of the /?oth root near 1. We now 
use Theorem |34] to rewrite ( |4"5| ) as 

(46) E(z, X ) = c^(z,x,H'(0),lm,f o H,]!H) Wo , 

where $(z, x, Ai, Ai, A2, A2) is a holomorphic function as in Theorem |3.1| . Here the problem arises 
that the values of $(0, 0, Ai, Ai, A2, A2) may differ from 1 and thus the values of the /?oth root in 
d46|) are not uniquely determined. To solve this problem we use a trick to replace the function 
$(^X,Ai,A 1 ,A 2 ,A 2 )by 

$(z, x, Ai, Ai, A 2 , A 2 ) - $(0, 0, Aj, Ai, A 2 , A 2 ) + 1. 

The new function (denote it by $ instead of the old one) takes the right value 1 for (z, x) — 0, so 
that the principal branch of its /?oth root is defined, and the identity (PS|) still holds for any local 
biholomorphism H = (F,G) of C 2 sending (M,p) into (M',p'). 

We substitute the expression ( H5f ) for E(z, x) i n (@) an d differentiate once in x at x = to 
obtain 

(47) ^(z*(z,W(Q),H'(0)),0) = c^(z,O,H'(O),W{O),j 2 o H,jH) 1/0o ^ x (z,O). 

By (|4lD, the coefficient on the right-hand side does not vanish identically. Hence we can solve c 
from ( |47"|) as a multiple-valued holomorphic function 



(48) c=c(z,H'(0),H'(0),j*H,j*H) 

and thus ignore the fact that c is constant. We know from (f46|), however, that, whenever the 
arguments of \l/ and $ are jets of a local biholomorphism, the "function" c is actually (locally) 
constant. The different values of c are due to the choice of different branches of ip and ip' . Recall 
that the values of ip and ip ! may only differ by /3oth roots of unity. If ip and ip f are multiplied by 
the roots of unity e and e' respectively, then c is multiplied by e'e -1 . 
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We claim that, for every fixed jet 



(A?,a;,A°,A°) G T(C 2 ) x T(C 2 ) x J 2 (C 2 ) x J 2 (C 2 ), 

the (multiple-valued) function c(z, Ai, A 1; A 2 , A 2 ) is uniformly bounded for (z, A 1; A l5 A 2 , A 2 ) in 
some neighborhood of (0, A°, A®, A°, A°). Indeed, it follows from the construction that the deriv- 
ative ?/> x (z,0) equals the /3oth root of d z r^(z, 0). Furthermore, by equation (|36|), the functions 
d z rfo(z, 0) and d z r'^ o (F(z, 0), 0) have the same vanishing order at z — 0. Then, taking /?oth powers 
of both sides in (|4"?| ) we obtain (single- valued) holomorphic functions of the same vanishing order 
at z = (recall that both functions \I/ and $ do not vanish at z = 0). Hence c^° is bounded as a 
ratio of two holomorphic functions having the same vanishing order. The claim is proved. 
We now substitute (|48f) for c into (1461) and then use (H3) to obtain 



(49) ij/(z* (z,H>(0lH'(0)),F( X ,Q(x,z,0))) = 

c(z,H\0),lm,j 2 H,]lH)^(z,x,H\0),lm,j 2 H,]lH) Wo ^(z,x) 

Since ip' (F(z,0), 0) 7^ for z 7^ near 0, we may apply the implicit function theorem and solve 
for F(x, Q(x, z i 0)) in (fH) to conclude that 



(50) F( X ,Q(x,z,0)) =^(z, X ,^H,j 2 H), 

where $1(2, x, A, A) is an (a priori multiple- valued) holomorphic function defined in a domain 



(51) DcCxCx Jo, (C 2 ) x J 2 (C 2 ) 

that contains all points (zq, 0, A , A ) with z 7^ that are sufficiently close to the set {0} x {0} x 
T 2 (C 2 ) x T 2 (C 2 ). A value of $1 depends on the values of ip, ip' and c. We have seen that, if ip and 
ip' are multiplied by e and e' respectively, then c is multiplied by e'e -1 . We now observe, that in 
fact the identity ( pE9| ) is invariant under this change. Hence we obtain exactly the same value for 
$1 for all possible values of ip and ip'. We conclude that $1 is single- valued. 

A similar expression for G is obtained by substituting ([5(]) and ( [26] ) into (|i~3p. In summary, we 
obtain 



(52) H(x,Q(x,z,0)) = ~{z, X ,3 2 H(0),fHW), 

where E(z,x, A, A) is a (C 2 - valued) holomorphic function in a domain D as in (|5T|). Here we 
conjugated and switched the variables. 



To complete the proof of Theorem 4.1, we shall proceed as in [BER97|. We consider the equation 



(53) T = Q( X ,z,0), 

and try to solve it for z as a function of (x, t) in a neighborhood of a point z 7^ close to 0. (We 
cannot apply the method of [ |BKR97| ] at 0, since the function H in ( |52"D may not be defined in a 



neighborhood of {0} x {0} x T 2 (C 2 ) x T 2 (C 2 ).) We expand Q(x, z ,fy i n powers of z — z near 
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z = Zq as follows 

(54) Q{x, z, 0) = p (x; Zq) + ^p 7 (x; z Q ){z - z y 

7>1 

with p 7 (0; zo) — for all 7, since Q(0,z,0) = 0. Let 70 be the smallest integer 7 > 1 such 
that p 7 (x; zq) ^ with z fixed. The existence of 70 < 00 is guaranteed by the finite type 
condition. Moreover, if z 7^ is sufficiently small, 70 does not depend on z . After dividing ( |53| ) 
by p 70 (x; - 2 o) 70+1 an d using ( CT ) we obtain 

(55) P^te^ 1 = (p^tei) ) + J£ +1 ^ " o) ^^tei) ) ' 

where C 7 (x; 20) := P 7 (x; 2o)P7 (Xi Zo) 7 ~ 70_1 - Then, by the implicit function theorem, the equation 

7>70+l 

has 70 solutions of the form t = g(x ? i] 1 ^ 10 ; zo), where g{XiCi z o) is a holomorphic function in a 
neighborhood of {0} x {0} x (A s \ {0}) with g(0, 0; z ) = 0, where A 5 := {z E C : \z \ < 5} is a 
sufficiently small disc. Hence the equation fl53|) can be solved for z in the form 



(56, ^^^.(l^)^ 

for x 7^ and (r — £>o(^; -2o))/p 70 (^! £o) 70+1 both sufficiently small. We now substitute fl56|) for z 
in the identity (|52|) to obtain 

t-Po(x;^o) \ 1/7 ° 



(57) " ( *' T)s nTO^ ^»^;«,j, 

where E(£, x, A, A; 2 ) is a holomorphic function defined for all (£, x, A, A; z ) with (XjCj^o) m a 
neighborhood of {0} x {0} x (A 5 \ {0}) and 

(-80 + Pjoix; z y o+1 g(x, C; z ), x, A, A) e D, 

where D is the domain of definition of the function S in ([52]). It follows from the above description 
of D that (0, 0, A , A ; z ) is in the domain of definition of E whenever z 7^ and (^ , 0, A , A ) is 
in a sufficiently small neighborhood of {0} x {0} x T 2 (C 2 ) x T 2 (C 2 ). 
Let us expand the function E(£, x, A, A; z ) in £ 

(58) S(C, X, A, A; z ) = J2 Ak ^ A ' ^ ^K*' 

k>0 
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and decompose it as E = Hi + H 2 , where 

^(C^^A^o) := ^A i70 (x,A,A;^ )C i70 

(59) ^ _ _ 

H 2 (C,x,A,A;z ) := X, ^(x, A, A;z )C fe . 

fc^7oZ+ 

Since 5"(x, t) is holomorphic in a neighborhood of in C 2 , the function of (x, t; 2o) on the right 
hand side of (57) is independent of the value of the 7 th root, independent of z ^ and extends 
holomorphically to a neighborhood of in C 3 . Let us denote by A G T 2 (C 2 ) the value of JqH. 
Since the function Hi(£, Xi Ao, A ; z ), in which we substitute 

'w-p (x;^o)\ 1/7(J 



(60) C . 

Wx^o) 7o+1 - 

is single valued on \w\ = e, for e > sufficiently small (depending on x with p l0 {x\ z o) ¥" 0), we 
conclude that the function (C,X) z o) h ^ "2(C) X? Ao? A ; -Zo) is identically 0. Hence, we must have 

rat\ tt( \ - fw-Poix'iZo) ■27T-2T7 



^7o(x;^o) 70+1 

where =1(77, x, A, A; 2 ) := Ej>o^Wx, A, A; z V- 

Next, we decompose each Aj^ (x, A, A; z ) uniquely as follows 

(62) A jJO {x,A,A;z )=B j {x,A,A;z )p JO {x;zo) j{jo+1) + J^ ^(A,A;z ) X ', 

0<l<Kj-l 

where K denotes the order of vanishing of p l0 (z; ,2o) 70+1 at 0. It is not difficult to see that we have 

(63) sup jBjix, A,A; z )\\ < C j sup \\A jj0 ( X , A, A;z )\\, 

lxl<<5 |xl<<5 

for some small 5 > and constant C, where |u|| denotes the maximum of \vi\ and |v 2 1 for v e C 2 . 
Hence, the power series 

(64) r(«,x,A,A;^b) := ^^(x, A, A; z )k j 

defines a holomorphic function whose domain of definition contains any point (0, 0, A , A ; Zq) with 
z y^ and (z , 0, A , A ) in a sufficiently small neighborhood of {0} x {0} x T(C 2 ) x T(C 2 ). 

We now wish to show that E 1 in fl51"|) can be replaced by T with k = r — po(x; z o)- For this, we 
decompose the function Si uniquely as Si = S 2 + S 3 , where 



h(v, X, A, A; zo) := ^Bjfc, A, A;z )p 10 (x;Z'>)' >/' 



(65) 

23(??,X,A,A;zo) := 



j (70+1)^' 
J ~'3 VAi Jl ) Jl i ^uy/^70 VAi ^uy 

i>o 



(^,X,A,A;z ) := J^ifyfo, A, A;^)?^', 
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where Rj(x, A, A; z ) := Ylo<i<Kj-i-^Ji(-^-' A; z )x l is the remainder polynomial in the division 
(|62|) . Now, observe that E 2 (t], x, A, A; z ), with 77 = ft/p 70 (x; -2o) 7o+1 , coincides with the function 
r(ft, x, A, A; Zq). Since the right-hand side of (|6lD is holomorphic in (%, r) near 0, it is not difficult 
to see that (z, () >— > S 3 (r/, x, Aq, A ; zq) must be identically 0, and that 



(66) H(x,r) = r(T-po(x;zo),X,JoH,JiH;z )). 

It remains to remark that the right-hand side of ( |66| ) is holomorphic in (x, t; zq) near (0, 0, So) with 
any Zq ^ sufficiently small and is independent of z Q . The proof of Theorem f4.1| is complete. D 



Proof of Corollary \1.3j . The proof can be obtained by repeating the arguments from [|BER97fl . □ 



5. Finite jet determination for solutions of singular ODEs 



The proof of Theorem |L1| in the infinite type case is based on Theorem [3.1| , on the first author's 



results in [|E00b|| (see Theorem |6.1| below) and on the following property of solutions of singular 
ordinary differential equations which we prove in this section, and which may be of independent 
interest . 

Theorem 5.1. Consider a singular differential equation for an M. n -valued function y(x, 9), where 
x e R, 9 E R m , of the form 

(67) x 7+ d x y{x,9) = , 

q(x,y{x,9),9) 

where 7 > is an integer, p(x,y,9) and q(x,y,9) are real-analytic functions (valued in M. n and 
M., respectively) defined in a neighborhood of m M x K n x W 71 with q(0,0,9) ^ 0. Let y(x,9) be 
a real-analytic solution of (|67|) near with 2/(0,6*) = 0. Then there exists an integer k > such 
that, ify(x,9) is another solution near the origin with d l x y(0,9) = ^^(O,^) for < I < k, then 
y(x,9) = y(x,9). 



Proof. We write f(x,y,9) for the right-hand side of (|67|) . For 7 = 0, the proof is rather simple. 
Expand both sides of the equation fl67|) in powers of x and identify the coefficients of x k . It is not 
difficult to see that one may solve the resulting equation for the coefficients a^ = a k {9) of y(x, 9) in 
terms of a/ = ai(9), with / < k — 1, unless k is an eigenvalue of f y (0, 0, 9). The last possibility does 
not happen if k is sufficiently large and 9 is outside a countable union V of proper real-analytic 
subvarieties. For every 9 ^ T and y, y satisfying the hypotheses in the theorem, we conclude that 
y(x, 9) = y(x, 9). The required statement follows by continuity and the fact that the complement 
of T is dense in a neighborhood of in W 71 . The details are left to the reader. 

For the rest of the proof we assume 7 > 1. We shall write y^ G M n for the sth deriva- 
tive of y(x,9) in x evaluated at (0,0) and y( s+1 >~ > s + l ) £ ]R /n for the column of the / derivatives 
y (s+1 \. . . ,y (s+l) . 



We shall differentiate (|67D in x at (0, 9) and apply the chain rule. Since y(0 } 9) = 0, the 
derivatives of the right-hand side f(x, y, 9) will be always evaluated at (0, 0, 9). Hence they will be 
ratios of real-analytic functions where the denominator is some power of g(0, 0, 9). We consider the 
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ring of all ratios of this kind and all polynomials (and rational functions) below will be understood 
over this ring (i.e. a polynomial below will be a polynomial with coefficients in this ring). 

By taking the sth derivative (s > 7 + 1) of the identity ( |67|) in x, evaluating at (0, 9), and using 
the chain rule, we obtain 

(68) c s y^ = Pl (y{K..,i-i)^ )y {s-m,...,s) + Ri ^ y (i,..., s -i) jd) 

for any 1 < I < s/2, where c s = ( *), Pi is a lR nx "'-valued matrix polynomial in y0->- > l ~ l ) 
depending only on I and i2$ jS is a K n - valued polynomial in y( l <---> s ~ l ) depending on both I and s. 
In fact, Pi can be written as Pi = (P 1 , . . . , Pj) with each P z * being an n x n matrix given by the 
formula 

p^W-D^) = ( d /dx) l -\f y (x,y(x),d))\ x=0 , z = l,...,Z. 

We further fix integers t and r satisfying t + 1 < (r + l/7)/2, collect the identities ( 5"8" ) in blocks 
for / = (t + 1)7 and s = vy + 1, . . . , (r + 1)7 and write them in the form 

(69) c r y {{r - lh+1 — n) = J2 Q j {y (l '---' u+lh ~ l \d)y {ir ~ Jh+l '---' (r ~ j+lh) + S r>t {y ( ^ 

o<j<t 
where C r is the diagonal •yn x •yn matrix with eigenvalues c n+ i, . . . , C( r+ i) 7 , each of multiplicity n, 
Qi are M 7nX7n - valued matrix polynomials in y( 1 >—>(J +1 n~ 1 > and St >r is a IR 7ra -valued polynomial in 
y(iv,(r-<)7) depending on both t and r. Here we put all the terms containing yW with z < (r — 1)7 
into 5^. 

We first try to solve the system ( |69| ) with respect to the 7 highest derivatives y^ +l \ . . . , y(( r+1 )7) # 
We can do this provided the coefficient matrix Q°(y^ 1 '"''' r ~ 1 \ 6) is invertible. In general, a solution 
can be obtained only modulo the kernel of Q°(y^ 1 ''"'' y ~ 1 \ 6). Here the dimension of the kernel may 
change as (y( 1 '-'7-i) j 5)) changes. To avoid this problem we consider only solutions y(x, 0) of Q57| ) 
with y^'-'T- 1 ) = y( 1 v-)7- 1 ) (^ as we may by a priori assuming k > 7 — 1). For these solutions, we 
obtain from (|69| ) an identity 

(70) y (n'+i,...,(r+i)7) = 7; )t (j / (i,-,nr) j0 ) mod ker Q° 

where T rji is a R 7n -valued polynomial in 2/ 1 '- ' r7 - ) and Q° := Q°(y^ l, '"' 7 ~ l \9). Here two cases are 
possible. If the kernel of Q° is trivial for some 6, it is trivial for 9 outside a proper real-analytic 
subvariety. Then for such values of 9, (|70|) can be iterated to determine all derivatives y( s \ for 
s > 7 + 1, in terms of yC-*— >7). The proof is complete by continuity. 

If the kernel of Q° is nontrivial for all 9, it has a constant dimension for 9 outside a proper 
real-analytic subvariety. Then we consider the system ( |6^) with r replaced by r + 1. Here the 
7-tuple of new unknown derivatives y(( r+1 )7+ 1 .--- ,( r + 2 )i) with the coefficient matrix Q° is involved. 
However, we can still extract some information when the image im Q° is a proper subspace of 1R 7 ™ 
(which happens precisely when kerQ 7^ {0}), namely 

(71) (C P+1 - Ql(j / (lv-,27-l) j0 ))j / (r7+l,-.(r+lh) = 

^ <5 j (y (1 '"' ,(j+1)7_1) , 6>)y ((r_i+1)7+1 '- '( r '-i+ 2 )7) + 5- JyC 1 '- •( r - i + 1 )7) ^ Q\ _)_ Q y(( r + 1 )7+L- ,(r+2) T ) _ 
2<i<< 
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We now use the explicit form of C r +i to conclude that, for every r sufficiently large, the matrix 

(72) a+i-QV 1 '-' 27 " 1 ^) 

on the left-hand side is invertible for y( 1 >-> 2 7- 1 ) — y^i— .27-1) anc [ f or Q outside a proper subvariety. 
By taking the union of these subvarieties for different r we see that, for each 9 outside a countable 
union of proper subvarieties, the matrices (|72|) are invertible for all r. We write 

AlM l - 2l ~ l \0) := (C r+l -Q\y^-^\e))-\ 

Thus A\ +1 is a rational function in ^( 1 '---' 2 t _1 ). By applying A* +1 (y( 1 '"*' 27_1 ',0) to both sides of 
(|7l"|), we obtain a rational expression for y( r T+ 1 >--->( r + 1 )7) in terms of lower order derivatives modulo 
the linear subspace 

(73) KV 1 '"' 27-1 ^) == Al +1 { y ^-^- x \e) imQ° c M 7 ". 

Previously we fixed the first derivatives y^ 1 '- '"J --1 ). In this step, we further assume that y' 1 '- ' 2 "> _1 ) = 
^(i.-,2t-i)_ w e can then drop the dependence of Q l , A l r+1 and V} on the derivatives as we did for 
Q°. Taking also flT0| ) into account, we conclude that y( r T+ 1 >-'(»"+ 1 )7) j s determined modulo 

(74) kerQ°nV,!. 

If this space is zero- dimensional (for some 9), the two equations ( |7D| ) and ( [71] ) determine 
^(r7+i,...,(r+i)7) com pi e tely and yield a polynomial expression for these derivatives in terms of 
lower derivatives (for this value of 9) . 

We now observe that we may write A\ +1 = c7 r+2 \ Bj +1 , where the matrix B}. +1 tends to the 
identity (for 9 fixed) as r — > 00. Moreover the linear operator B 1 (e) := B} +Il where e := 1/r (and 
the integers r in B} +1 are replaced by a continuous variable r in the obvious way), is a ratio of 
analytic functions for (e, 9) in a neighborhood of 0. By Cramer's rule, there exist real-analytic 
functions v\{9), . . . ,1^(6*) and u^ + i(9), . . . ,u ni (9) that represent bases for kerQ and for \mQ° 
respectively for every 9 outside a proper subvariety. If we write A(e, 9) for the determinant of the 
matrix of wy- vectors 



(75) «!,... , u M , B 1 u fl+1 , ... , B l u 



wyi 



then the intersection ( [74] ) is positive dimensional if and only if A(e,9) vanishes at (1/r, 9). Since 
A(e, 9) is real-analytic near 0, we conclude that either A(e, 9) is identically or there exists r 
such that A 1 (1/r, 9) 7^ for r > r and for 9 outside a proper subvariety Y\. In the second case 
the intersection (|T4] ) is zero-dimensional for r > r$ and 9 ^Y\ and we obtain y( r "y+ 1 >--->( r + 1 h) as a 
polynomial expression in lower derivatives. By a simple inductive argument and the analyticity 
of y and y, it follows that y(x, 9) = y(x, 9) for all x and all 9 outside the union of Tj, r > r . The 
desired statement follows by continuity, since the union of Tj's is nowhere dense. 

Thus, we may assume that A(e, 9) = 0. In this case, we consider (B3) with r replaced by r + 2. 
By solving (|Ti~D, with r + 1 in place of r, for y(( r+1 h+ 1 ,---,( r + 2 h) ( mo dulo im Q°(y 1 ''"' 7 ~ 1 , 9)), we 
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conclude that 

(76) y(( r + 1 )T+ 1 >-'0+ 2 b') = A 1 ( Y^ QJfyi^-^+^h- 1 ) Q\y((r-J+2h+h-,(r-j+3) 7 ) + 

2<j<t 

where A\ +2 and S r +2,t are defined as above. By applying Q° to both sides and substituting the 
right-hand side for go y ((r-+i) 7 +i,..,(r+2) 7 ) in ^^ we deduce that 

(77) 2 3 ^ 1 ( y (i,...^-i) | e) y (n+i,...,(r + i) 7 ) = ^(yd.-.ry)^) mod Q°(^ +1 ), 

where ty^ is as defined above and -D^ +1 is the invertible (for r large enough and 9 outside a 
proper subvariety T 2 , provided that we have yi 1 '---* 3 "/- 1 ) = y( 1 .---,37-i)-j ma trix 

(78) A 2 + i(2/ (1 '"" 37 - 1) ) := C r+ i - Q 1 - Q°Al +2 Q 2 (y^-^\ 9). 

As before we assume in this step that y( 1 '-' 3 T- 1 ) = y(i.~>37-i) aric [ drop the dependence on these 
derivatives. 



Now observe that the assumption that A(e, 9) = (which is equivalent to the intersections ( 7^ ) 



being nontrivial for all r sufficiently large) implies that the space Q°{V^ +1 ) is of strictly lower 
dimension than V^ +1 . This is a crucial observation. Let us write A 2 +1 for the inverse of D 2 +1 . It 
follows that we can solve (|77|) for y ( r ">'+ 1 '---.( r + 1 )7) modulo the subspace 



(79) V 2 := A r 2 +1 Q (O- 
If the intersection 

(80) kerQ°f]V r 2 

is zero-dimensional, we can find a polynomial expression for y ( r T+ 1 >- >( r + 1 )'>') j n terms of lower deriva- 
tives by using equation ([7(]). We claim again that this intersection will be either zero-dimensional 
for all sufficiently large r and 9 outside a proper subvariety r 3 . or positive-dimensional for all 
sufficiently large r and all 9. The argument is as before. We can detect positive dimensionality 
of the intersection ( |80| ) by the vanishing of suitable determinants formed by the vectors in ( |75| ) 
with B 1 replaced by B 2 = B 2 (e), where B 2 (e) (which also of course depends on 9) is defined 
as follows. Let us factor the scalar cT 1 ^ in A 2 +1 , writing A 2 +1 = c7 r+2 \ B 2 +l . Then we define 
B 2 (e) := B 2 +1 Q° B^ +2 , where as before e := 1/r. It is not difficult to see that B 2 is analytic in 
(e, 9) near with B 2 (0,9) equal to the identity. Since any determinant formed by the vectors in 
(|75|) with B 1 replaced by B 2 will be analytic, the claim now follows as above. 

As mentioned above, if the intersection (^) is trivial for all sufficiently large r, we are done. If 
not, we must go iterate the procedure above, and start with the equation (^) with r replaced by 
r + 3. In this way we will obtain a subspace V^y' 1 '""'* 7-1 ), 9) (in a way analogous to that yielding 
^/2^(i,...,37-i)^ Q^y gy ^e same argument as above, the fact that we are forced to go to the next 
iteration (i.e. the intersection (|80|) is nontrivial for all large r) implies that V^ has strictly lower 
dimension than V 2 . The crucial observation is that, if we are forced to make another iteration, the 
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dimension of the subspaces Vj := Vj (y^ 1 '"' '^ +1 ' J ~ 1 \ 9) drops. Hence, the process will terminate 
after at most ruy steps. The details of the iterations are left to the reader. 

Summarizing, we obtain a linear system for y( r "f+ 1 >--- >( r + 1 )j) (providing r is large enough) in terms 
of lower order derivatives and the matrix coefficient of y( r ">+ 1 >--- >( r + 1 h) j s polynomial in yC 1 '- >( ra 7 +1 h) 
and is invertible for 9 outside a countable union of proper subvarieties. Then the proof is completed 
by the analyticity of y(x, 9) and y(x, 9) and by continuity as before. □ 



6. Finite jet determination in the infinite type case; proof of Theorem 1.1 



In this section we complete the proof of Theorem |1.1| . If M is of finite type at p, the statement 
is a special case of Theorem |1.3| . Hence, to complete the proof of Theorem |1 . 1| , we may assume 
that the hypersurface M C C 2 is of infinite type at p. This is equivalent to the property that 
the Segre variety E of p is contained in M. As before we denote the same objects associated to 
another real-analytic hypersurface M' C C 2 by '. Given M', H 1 and H 2 as in Theorem \L.1[ we 
set p' := H 1 (p). It follows that M' is also of infinite type at ft '. The proof of Theorem |1.1| in this 



case is based on Theorem |3J] and on the following result. 

Theorem 6.1. Let h° be a C 00 -smooth CR-diffeomorphism between real- analytic hypersurfaces 
M and M' in C 2 . Suppose that M is of infinite type at a point p G M and set p' := h°(p) G M' . 
Choose local coordinates y = (x,s) G M 2 xl on M and y' = (x f , s') G M 2 x K on M' vanishing at 
p and p' , respectively, such that the zeroth order Segre varieties E C M and E' C M' at p and p' 
are locally given by s = and s' = 0, respectively. Then there exists an integer m > 1 such that, 
if h is a C°° -smooth CR-diffeomorphism between open neighborhoods of p and p' in M and M' 
respectively with h{p) sufficiently close to p' and we set g(y) := s'{h{y)), then there is a (unique) 
C 00 -smooth function Vh{y) on M near p satisfying 

(81) s m d s g(y) = My)g(y) m . 
For any such h we write 

u h (y) := ({d Xi h{y))i<i<2,s m d s f{y)Mv)) e ^ 9 , 
where f(y) := x'(h(y)), and set 

(82) u a h {y) := (a m S.)°°^^« fc (y) 

for any multi-index a = (a , cti, a 2 ) G 1? + . Then there exist real-analytic functions q(y) on M near 
p and q'(y') on M' nearp' with q(x, 0) and q'(x', 0) both not identically zero, an open neighborhood 
Q C J 2 (M,R 9 ) p x M' x M of ((u^ (p))o<\i3\<2,p',p), and, f or every multi-index a G Z^_ with 
\a\ = 3, real-analytic functions r a (A,y',y) on Q such that, for any h as above with 

(83) ((4(p)) < m < 2 ,h(p),p) en, 

the equation 

(RA] 1ia( , _ r a ((u p h (y)) < m < 2 ,h(y),y) 

q{y)q'{h{y)) 
holds at every y G M near p for which the denominator does not vanish. 
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At points p G M and p' G M' where q(p) 7^ and q'(p' 
consequence of the former), Theorem |6.1| is a reformulation of Theorem 2.1 



7^ (the latter of which is, in fact, a 
E00b|| . Theorem 



111 



|6.1| , as stated above, follows by repeating the proof of Theorem 2.1 in |E00b|| at a general point p, 
accepting the presence of a denominator which may vanish at p. The result is the conclusion of 
Theorem |6.1| . We shall omit the details and refer the reader to the proof in |[E00b|| for inspection. 



Proof of Theorem \1. i| . Let H l , H 2 be as in Theorem |LT] with jpH 1 = jpH 2 , for some k > 2 (which 
will be specified later). Observe that, for any local biholomorphism H : (C 2 ,p) — > C 2 sending M 
into itself, the restriction h := H\m is a local CR-diffeomorphism between open neighborhoods 
of p and p' := H(p) in M. We shall write h j := H j \ M} j = 1,2. If we take h° := h 1 , h := h 2 
and M' = 
Theorem 



M in Theorem |6.1| , then h satisfies 
we set 



and hence the equation 



For an h as in 



Equations (|8l| ) and 

(85) 



U h (y) := 
4|) then imply that 



(K(2/))o<|/3|<2,%))- 



s m d s U h (y) = 



R(U h ,y) 



q(y)q'(h(y)) 

for some real-analytic function R(U,y) defined in a neighborhood of (6^0,0). 
The assumption j^H l = jpH 2 and Theorem ^T] imply that 

(86) j^H^j^H 2 , \/ZeE, 

near p. Let us write, for j = 1,2, 



m 



U h j(x, 



fc=0 



X )s 



that U}\ 



We conclude, by the construction of U^ and ([ 
the proof of Theorem |1.1| , consider the functions Uy{x, s 
which satisfy U h j(x, 0) = 0. For k > 4, we have Uhi(x, 0) = 
satisfy the same system of differential equations 



x 



uh 



X 



for I < k — A. . To complete 

:= U h3 (x,s) - U hJ (x,0), for j = L,2, 
11^2 (x, 0) and hence both U h i and U^ 



(88) 



s m d s U h (y) 



R(y,Uh) 
q(y)q'(h(y))' 



where R(y,U) := R(y,U + f/ 1 (x,0)), as does any other U^ arising from a CR diffeomorphism 
h with Ufi(x, 0) = f/ 1 (x,0). Recall that /i(y) is one of the components of U^. The existence of 
the integer k such that H l = H 2 (which is equivalent to h 1 = h 2 ) if j^H 1 = jpH 2 now follows 
from Theorem |5.1| , although the choice of the integer k appears to depend on the mapping H 1 . 
However, we shall show that one can find a k that works for every H 1 . Let k be the integer 
obtained by the above procedure applied to H 1 , H 2 where H 1 (Z) is the identity mapping id. We 
conclude that if H : (C 2 ,p) -^ (C 2 ,p) sends M into itself and ylH = id, then H = id. We claim 
that the same number k satisfies the conclusion of Theorem 14. for any H 1 , H 2 . Indeed, for any 
H , H 2 as in Theorem |1.1| , the mapping H := (H 1 )^ 1 o H 2 sends (M,p) into itself and satisfies 
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j*H = id. Hence, by the construction of k, we must have {H 1 ) 1 oH 2 



This completes the proof of Theorem 1.1 



id which proves the claim. 

□ 
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